Abstract We consider the N N interaction in pionless effective field theory (EFT) up to next-to-next-to-leading order (NNLO) and use a recursive subtractive renormalization scheme to describe N N scattering in the 1 S 0 channel. We fix the strengths of the contact interactions at a reference scale, chosen to be the one that provides the best fit for the phase-shifts, and then slide the renormalization scale by evolving the driving terms of the subtracted Lippmann-Schwinger equation through a non-relativistic Callan-Symanzik equation. The results show that such a systematic renormalization scheme with multiple subtractions is fully renormalization group invariant.
Introduction
The standard method for the non-perturbative renormalization of the N N interaction in the context of Weinberg's approach to chiral effective field theory (ChEFT) consists of two steps [1] . First, one solves the regularized Lippmann-Schwinger (LS) equation for the scattering amplitude with the N N potential truncated at a given order in the chiral expansion. The most common scheme used to regularize the LS equation is to introduce a sharp or smooth regularizing function that suppresses the contributions from the potential matrix elements for momenta larger than a given cutoff scale, thus eliminating the ultraviolet divergences in the momentum integrals. Then, one needs to determine the strengths of the contact interactions, the so called low-energy constants (LECs), by fitting a set of low-energy scattering data. Once the LECs are fixed for a given cutoff, the LS equation can be solved to evaluate other observables.
Such a procedure, motivated by Wilson's renormalization group [2, 3] , relies on the fundamental premise of EFT that physics at low-energy/long-distance scales is insensitive with respect to the details at high-energy/short-distance scales [4] , i.e. the relevant high-energy/short-distance effects for describing the low-energy observables can be captured in the cutoff-dependent LECs. The NN interaction can be considered properly renormalized when the calculated observables are independent of the cutoff scale within the range of validity of the ChEFT or involves a small residual cutoff dependence due to the truncation of the chiral expansion. In the language of Wilson's renormalization group, this means that the LECs must run with the cutoff scale in such a way that the scattering amplitude becomes renormalization group invariant (RGI).
An alternative approach is the subtracted kernel method (SKM) [5, 6, 7, 8, 9, 10, 11, 12] in which, instead of using a cutoff function, the LS equation is regularized by performing subtractions in the kernel. An advantage of the SKM approach is that it can be recursively extended to any derivative order of the contact interactions. In this work we apply the SKM approach to renormalize N N interactions in pionless EFT, which consist of Dirac-delta plus derivative contact interactions. In this case, the SKM procedure can be performed analytically. In ChEFT, where both contact and pionexchange interactions are included, the procedure must be performed numerically.
SKM in Pionless EFT
Consider the scattering of two nucleons in the 1 S 0 channel interacting through the pionless EFT potential. In a partial-wave relative momentum space basis, the matrix elements of such a potential up to NNLO are given by
In the SKM approach a regularized and renormalized LS equation for the T -matrix is derived through an iterative process involving multiple subtractions in kernel at a certain energy scale −µ 2 . Here, for convenience, we implement the SKM procedure using the K-matrix instead of the T -matrix. The driving term V (n)
µ (E) is recursively computed through an iterative procedure, starting from the ansatz V 
For the NLO interaction, we calculate V (2) from V (1) through the equation
Then, we calculate
and add the NLO contact interaction V
For the NNLO interaction, we calculate
and add the NNLO contact interaction V
µ,cont (p, p ) = C 4 (µ) p 2 p 2 (we neglect the last term in Eq. (1), since it does not significantly change the results). The LS equation with n subtractions is given by
One important feature of the SKM approach is that, by requiring the K-matrix to be invariant with respect to the scale µ, a renormalization group flow equation can be obtained for the recursive driving terms in the form of a non-relativistic CallanSymanzik equation (NRCS). Here we consider the renormalization group invariance of the NLO interaction, which requires three subtractions. The NRCS equation for the driving term V 
with the boundary condition given by V (3)
imposed at some reference scaleμ. Thus, once the renormalized strengths are fixed at the reference scaleμ to fit the observables used as physical input, the scale µ can be changed without modifying the results for the calculated observables.
Numerical Results
In the left panel of Fig. 1 we show the N N phase-shifts in the 1 S 0 channel obtained for the LO, NLO and NNLO potentials renormalized through the SKM approach. The strengths of the contact interactions were fixed at µ = 0.6 fm −1 by matching the parameters of the effective range expansion (ERE) to order k 4 (scattering length a = −23.7 fm, effective range re = 2.7 fm and curvature v 2 = 0.48 fm 3 ), which provides a good fit to the results from the Nijmegen PWA up to on-shell momenta k of order mπ ∼ 140 MeV. In the right panel we show the log-log plots for the relative errors (with respect to the results from the ERE), where one can observe the expected order-by-order power-law improvement. In order to analyze the renormalization group invariance of the SKM approach, we evolve the driving term V (3) through the NRCS equation from a reference scalē µ = 0.76 fm −1 to a final scale µ = 0.63 fm −1 .
In Fig. 2 we show the diagonal matrix elements for the initial (left) and the NRCS evolved (middle) driving terms for E = k 2 = 0, 10, 15 MeV, and the phase-shifts in the 1 S 0 channel for the NLO potential calculated from the solution of the 3-fold subtracted LS equation with the initial and the NRCS evolved driving terms (right). As one can observe, in order to ensure the invariance of the K-matrix under the change of the renormalization scale, the driving term significantly evolves and the results remain invariant (up to relative differences smaller than 10 −13 due to numerical errors). 
Conclusions
We have shown that the SKM approach with multiple subtractions provides a fully renormalization group invariant framework for treating effective N N interactions in pionless EFT. In forthcoming works we will investigate the renormalization group invariance of the SKM approach in ChEFT.
